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ON THE CALCULUS OF FUNCTIONS DEEIVED PKOM LIMITING- 

EATIOS* 

By Pbop. W. H. Echols, Charlottesville, Va. 

I. Introduction. 

1. The object of this essay is an investigation of the foundation of the 
Calculus of Limiting-Ratios as a particular case of the Calculus of Finite Dif- 
ferences considered in a generalized sense. It possesses the scientific interest 
of showing that the Differential Calculus of Newton is but one particular case 
of an infinite number of such Calculi, and is the simplest of them all. 

The limiting-ratios of the Calculus as founded by Newton and Leibnitz, or 
as they are usually called the successive derivatives of f{x), are defined to be 



f^^+\x) = r /""(*. + ^) -/"•(*) 



TO ^ 0, 1, 2, . . . , giving the successive derivatives. These functions are 
derived, each from the preceding, through exactly the same operation, which 
is therefore essentially a repetitive operation. The Calculus of Derivatives is 
a repetitive calculus whose operator is {d/dx), and the repetitive character is 
symbolized by the operative index following the exponential law 



\dx 



[dx''\ ~ [d3f+' 



In like manner, the Calculus of Finite Differences, as ordinarily consid- 
ered, is also a repetitive calculus. The successive functions of this Calculus 
are defined to be 

wherein, if 

then 

J^/(.^•) = (^.-lr/(«). 

using the notations usually employed in the Calculi of Finite Differences and 
Enlargement. 

The Diflerential Calculus can be otherwise founded as a particular case 

* Kead before The American Mathematical Society in New York, May, 1895. 
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of the Calculus of Finite Differences, and the successive derivatives defined to 
be the functions 

The repetitive operator {Jj^/h^") furnishing what is called the successive dif- 
ference-ratios of the function, and 

2. It is to be observed, in the Calculus of Finite Differences, that the 
interval between the arguments is constantly equal to h, whence all successive 
differences of these arguments vanish after the first. It is now proposed to 
generalize the Calculns of Finite Differences and to naturalize the Calculi of 
Limiting-Ratios as particular cases of this Calculus. Throughout this paper, 
f{x), unless otherwise specifically stated, will be taken to represent a uniform, 
finite, and continuous function of x which is expressible by Taylor's series 
throughout a certain definite interval, say, from a; = a to a; = c. 

We define s to be an operator whose function it is to act on the variable 
as follows : 

Sft • /(«») = /(«a+.-ft) • 

We define d to be an operator which produces the effect 

s;:.f(x„) = {\-t,Y.f{x„), 

= f{^,) - <^n,./(«a+A) + t'„,2/(«,+2/.) -...+(- 1)" /(«»+./-) • 

Thus the operations have the relations 

•^A = 1 — «/. , £ft = 1 — ^A • 
The corresponding wth difference of the argument is 

We shall be concerned with the limiting value of the ratio 



£ 






which is the nth generalized-difference-ratio of the nth generalized difference 
of the function to a corresponding nth difference of the variable. We call the 
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above function the nth difference-ratio-limit, and at the risk of being guilty of 
surreptitious coinage, we abbreviate this into nth differell. 

A symbolic notation for the operation will be required, and we write the 
wth differell oif(x) 



|: W, =/.-«. £«^'. 



as distinguished from the notations of the Differential Calculus, 






J 

3. The law of the distribution of the argument «(,+,.ft is perfectly arbitrary, 
except that aj^+r/i must converge to the limit Xg as A converges to zero. In 
general, for an assigned law of argument distribution we shall have a Differell 
Calculus in which the differell operator is not repetitive, and for a different 
argument distribution law we shall have a different Differell Calculus. In each 
of these calculi any differell operator may be taken as an operator per se, as 
the fundamental operation of a new calculus in which the operations are repe- 
titive. The first differell in any such Differell Calculus is the derivative of the 
function. For 

d^ Xg d^ Xg '''{f+A 

ft=0 A=0 

4. Two general distribution laws suggest themselves at once, 

«a+rA = «„ + f (n ^') . 

In which <p {r, h)^-„ = and ^ {r, A);,=o = 1- 

We may call the former the Addition Calculus and the latter the Multi- 
plication Calculus. This latter term has already been used by Dr. McClintock 
in his Calculus of Enlargement,* wherein, at the close, he makes mention of 
such a calculus. 

Of the Addition Calculi, the simplest is given by the law 

<p (r, h) = A . 

All differells, after the first are infinite. The first exists, however, and taken 

as an operation pe7' se, may be made the basis of a repetitive calculus, which 

* American Journal of Mathematics, Vol. II, p. 156. 
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is the Differential Calculus. Such is the case for the first differell of any 
Diflferell Calculus. As another illustration, let 

^a+.■^ = X,- C\,h + ^,,# _...+(- lyh'^ = a;, - 1 + (1 - Ar . 

Here, evidently, 

^^% = h" . 

And it appears that the »,th dififerell of this calculus is 

f-^Xx) =. fix) + f"(x) + . . . + f\x) . 

Any rth differell may be taken as the fundamental operation of a repetitive 
calculus. 

In like manner the simplest Multiplication Calculus is furnished by the 
law 

or what is the same thing, for the results are the same. 

Because this form of the calculus has been considered symbolically by Dr. 
McClintock, in the paper above referred to, we shall proceed to notice it par- 
ticularly as an illustration of what may be developed in other calculi. 

II. The MdETi?LicATioN Calculus. — Diffeeells 
5. Let the law of distribution be 

or as it may be written 

log «a+rt — log Xg = r log (1 — A) . 

The interval between the logarithms of the arguments is log (1 — A). Other- 
wise, if Xg^rh = i"/'^''; we have 

log Xg+,.h — log Xg = rh, 

and the interval between the logarithms of the argument is simply A 
In the first case we have 

^aX"' = <[1 -(1 -A)'"]". 
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On taking the I'atio and passing to the limit, we obtain 





d"a; 


x^ = m"*"*"' . 


In the second case, we have 


d{% = x„il-e''r, 


and as before 




d''x 


af = m"ai™"' . 



6. From the nature of the formation of the ?ith generalized difference, we 
have 

and on passing to the limit. 

Or, the differell of a sum of functions is the sum of the differells of the func- 
tions. 

7. Let wA = ^, a constant, so when A = 0, n = oo . Then, if < §■ < 1, 
we have at any point x^^g^. between Xg and Xg^^, 



X. 



't+gk •'^g+Qk+rh — -^ff^ (■'■ ^ ) J 



and by taking h small enough we have the distribution of the argument as 
nearly uniform as we choose throughout the neighborhood of any point Xg^^^ 
in the interval {Xg, «;,+*:). 

8. To examine the formation of the differells of functions, we have by 
Taylor's formula, 

/(a + a;) = l*^ /'■(«). 
The Mth differell of this function with respect to x, is 

/(")(a + ^) = |r"^'lV'-(a), 

a series which is convergent when Taylor's is, since they have the same ratio 
of convergency. 
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For a -\- X substitute x, then 

y(n)(^.)^I>« (^-«r7 r(^). 

The next differell is 



1 



r\ 



Multiply /■'"'(«) by {x — a) and differentiate, whence 

Again, multiply y'"+"(a3) by dx and integrate between x and a, whence results. 



!/("+»(«) dx = (x — ajf^^Xx) . 



Thus we find that /<"'(*) i^ ^^^ mean value of /"*""•""(«) between x and a. 
/■'"'(if) is therefore a function of an interval, and has distinct reference to an 
argument interval, one end of which is a, called the base of reference of 
ditferells. 

When the interval vanishes, we have, in general, 

/<"+«(«) =/n«) =/'(«)• 

If zero is the base, we have correspondingly 

X 

r/<''+«(a;) dx = £»/<">(«) . 



9. We shall use the base a, unless specifically mentioned. By successive 
applications of the formulae of the preceding article, we may express f^^\x) in 
terms of the first n derivatives oif{x). 

We have, by definition, 

rKx).^^f'{x). 

■■■ rV)=f\^)+ {x-a)f"(x), 

f^^\x) ^ f\x) + ^{x-a) f"{x) + {x-af f"'{x) , 

f^%x)=f'{x)+ l{x-a)f"{x)+ &{x-aff"{x)+ {x - of f\x) , 

/(»)(«) = f'{x) + 15 (a; — a) f"{x) +'25 {x - of f"'(x) + 10 (« - of f^{x) 

+ (a. _ ay f\x) , 
and so on. 



56 ECHOLS. ON THE CALCULUS OF FUNCTIONS DERIVED FBOM LIMITING-RATIOS. 

Putting 

1 



1 
we have for the law of formatioD 

Af = rAr -\- Ar-i , 

and 

We may express this law more concisely in several ways, thus :* 



r 



wherein x — a = e", and J''0" is the well known n amber in the Finite Differ- 
ence Calculus. 
Also 

Again, 

d 



/("+-)(«.) =|^£(a,-a)J>'(^)^ 



in which the exponent of the square bracket indicates successive applications 
of the enclosed operator. 

10. If we take the expressions of the above article as defining differells, 
we show that 

^](a:-ar = m»(a;-ar-S 
where a is the base, as follows : — 

'^'"^''^ = ^ K" - ^^•^'(''^^ = ^ t*" ("^ - '"^"'^ = m^ (a> - ar-\ 
f(»\x) = j-[{x — a) m? {x — a)"*-'] = m» (a; — «)»->. 

* HeTschel's Theorem. See Laurent, Traite d' Analyse, Vol. Ill, p. 136. 
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If it is true forj?, then 

/("+')(«) = ^[{x — a) m" (x — a)"*-'] = mf+\x — a)"-\ 

which establishes the result generally. 

11. We can, by reversing the process of Art. 9, express /"'"'(«) in terms of 
the first ?i differells, thus : — 

(X - aff"\x) =f%x) - df^^x) + 2/("(a:), 

{X - afr\x) ^f^*\x) - &f^\x) + ll/(» - 6/«(a;) . 

and SO on. Or, generally, 

(- 1)" {X - ar-'f"{x) = i A^f^-^x) , 



wherein 
and 



(— 1)"+' {x — a)"/"+X«) = "I'^Z/c-Ya;) , 

1 



A,' = nA,. — A 



r-l > 



1 , A„ —' -^n+i — . 



Since, when a; == a, f-'Xa) = /'(«), we must have I A^ = . The above 
results serve to define the ?!th derivative as 



/"(«) 



i (- 1)" {X - af-' 



The general law for the expression of the nth derivative in terms of the first 
n differells will be given in compact form later. 

12. We have heretofore considered A as a positive convergent to zero ; 
when this is so and < A < 1, the arguments are distributed, we shall say 
progressively, from Xg in the order Xg^^h^ . . . , Xg_^.,^, Xg for the binomial form of 
distribution Xg (1 — A)'', and in the order Xg, Xg^j,, . . . , Xg^^ for the exponen- 
tial form XgC^"^. If A is a negative convergent to zero the distributions are 
regressive and both in the binomial and in the exponential form are in the 
order Xg^,.^, . . . , Xg+^, Xg. It is easily seen that the corresponding progressive 
and regressive differells are the same functions in either case. 

13. Fractional Differells. Heretofore we have considered the order of a 
differell as an integer, but as these operations are not repetitive, there is noth- 
ing in the formation of these functions to thus restrict us. 
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Let p be any numerical ratio, then 
^*% = (1 - Sa)% , 

:^{i — 6;,! £^ -4- 6; 2 £a' — . . .) Xg . 

The expression of an operator as an infinite series is one so frequently made 
use of, that we shall use it here in the same sense as it is employed elsewhere 
in mathematical investigations. 

This series must be convergent in order to give meaning to the results. If the 
law of distribution is Xg (1 — A)'', and A is a positive number between zero and 
two, the series does converge, and we have 

8^xg = *v [1 - (1 - h)y , 

In like manner, we have 

d^x^" = a;™ [1 — (1 — A)™]" , 
and there results from the limiting ratio,* 



[^di'xj 



a;™ — mi'x'"-^ 



the same function as when p is an integer. When A is a negative convergent 
to zero, the infinite series above diverges, and we cannot say whether the 
regressive fractional derivative exists or not. 

If, however, A is a negative convergent to zero and the law is XgC''^, the 
series converges and gives the same result as above, while in this case when A 
is a positive convergent the series is divergent. 

In order to derive all the justification we can for these results, consider 
the law of distribution to be «,«'•''. Now, n being integer, s^x^ =^ ^^nh for 
any value of m ; and 

^X" = (1 - sJX™ . 

But Sa^J" ~ («""")"«". Therefore, so far as the operation on x^ is concerned 
we may replace s^ by e™*. We have 

d^x^ ^ (1 — e^YXg"' ^ (1 — e'^yx^ 

H ^o (1 - ^kY^o (1 — ^'')^9 

* The base of operation here is zero. 



ECHOLS. ON THE CALCULUS OF FUKCTIONS DERIVED FROM LIMITING-RATIOS. 59 

Whether h be positive or negative, we have 



[cfx] 



nvx"" 



a*. 



Another symbolical verification of this result follows ; we have, in § 9, 

when p is an integer ; assuming it true when p is fractional, let f{x) 
then/'(«) = qafl-^ = qe^'>-''>!i, and 

/w(.7;) = (1 + ^,_x,ii>, + c;-,,2i>/ + . . .)?^«-'* 

= q^"-'^ [1 + ^,_,,i (?-!) + C;_i.2 {q- If + ...-]. 
If — 1<$^ — 1<+1, the series converges, and 

f^\x) — qfe^^-iw = ^Pa,8-i 

For integral values of p we have the Diflferell Calculus as developed in 
the preceding articles. For each value of p fractional or integral and positive, 
we can develop a calculus in which the operative symbol is 

di>x\' 



which may be taken as a repetitive operation. 
Thus 



dn 

d'x 



d^ 

d<'x\ 



{ df\ 



dfx 



J 



and so on. In any such Eho-Differell Calculus, we have 



f di- 



dfx 



xf = qi'{q _ l)p . . . (^ _ m + l/a;'- 



which under certain conditions may be imaginary. This degenerates into the 
Differential Calculus when |0 = 1. 

14. Fractional Derivatives. The close relations existing between the 
Dififerell Calculus and the Differential Calculus, and the existence of the func- 
tions of the former when the operational index is fractional suggests an effort 
to define the operation upon the functions of the latter when the index of that 
operation is a fraction, through the existing relations of the operators in the 
two calculi. At the outset it must be seen that no fractional index of an 
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operation can be the result of a. repetitive operation, but must indicate an 
operation per se, and upon the basis of this necessary truth rests the con- 
vention upon which depends the following interpretation. 

Letting the base of diflferells be zero for convenience, we have, when n is 
a positive integer. 



wherein x = e". Let /"(a;) = afi {q being any number), then /(e") = (fl", and 
we have from the Dififerell Calculus 

From the Differential Calculus 



c^" 



dxf 



-e^ = ^"e'" = q"x^ . 



But when n is any positive fraction, say p 


we have still 


«/-(-) = -'^t' 


a;« = qPx^ . 


And in the equalities 

f d" ^ 

dyp 


afi = X 


^do 
dpi 


c 


x" = q^3fl , 



we know that both equalities hold good for p a positive integer, and that the 
second equality is true for p any positive number. Let us assume that the 
first equality is also true when |0 is a positive fraction, thus defining the frac- 
tional operator in the symbol {d'/dy'). When p is an integer, the ordinary 
signification of 

r rf" 1 _ r d' 1 _ r <^ 1 " 





\dyA - {(dyy\ - \dy\ ' 



means that the operator d/dy is to be successively performed on a function p 
times, but when p is fractional no such repetitive meaning is possible for this 
operation and we can only interpret it as an operation per se. 
The question arises, if 



"d^ 
dy] 



]e» = 



qpeio , 



is to be true for all positive values of p, what is the value of 

^ d<'^ , 
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It is necessary that p should be a nou -repetitive operator, whether integral or 
fractional, and considered as the symbol of an operation in itself. We have 

X = ^ and dy = dx/x. Therefore 

r rfc 1 „„ r di' ^ „ 

[dyi-] y{dx/xy] 

which we write 






the value of whicli, is by the above definition q''^ = qfx''. 
When o ^ 1, we have 

f d-] 
[ dx 



=^x\-^' 

ydx 



We assume, inasmuch as p is no longer indicative of a repetitive operation, 
that 



'^ dx] " [ daf\ "~ \^dxf 



Under this convention, we have 

{do^ 



dxp 



\3fl ^zz (f 3fl-l> , 



Otherwise, using the separation of symbols, as in the infinitesimal calculus, 
we have 

di-xf = q^yfl \d (log «)]'• 

„ „ ^dx'\ <" 
= r^ |_- I 

= qi'afl-i' {dxy . 

For any positive value of p, we can develop a calculus in which the fundamen- 
tal operative symbol is 

dx"] ' 

which can be taken repeatedly furnishing the repetitive operation of this par- 
ticular calculus. Thus 

d<'^^ 



d^^ (dy- 

da^ ] {^<^iBP 



and so on. But the exponential law 



ds^ 



J 



<^P+2 



di)^\ <?a5p+* 
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does not hold. In any such Eho-Differential Calculus, we have, assuming m 
to be an integer, 

dxi" 



x" := qi'{q — pY . . .{q — m — IpYsfl-^i' , 



which degenerates into the ordinary Differential Calculus when jO ^ 1. 

III. Expansion of Functions. 

15. If the ditferell of a function vanishes for two values of the variable, 
the differell of next higher order must vanish for some value of the variable 
which lies between these two. 

In virtue ot/'^\x) being the mean value of /" ■""'"'X*') between a and x, we 
have 

/(»)(«) = /<"+"(w) . a <u <x. 

Now 

c c b 

J/<"+«(a;) dx = J/<"+"(«) <^« — (/<"+"(»') <^« 

baa 

= (c - a)f<"\c) - (5 - a)/(">(5) 

= {c — b)f'^+'\u) . b < u < c. 

If/(")(c)=/<"X5), 

C 

Cf<^"+%x)dx = (c — h)f'\c) . 

b 

In particular, if /<"'(<') =/'"'(*) = 0. then must 

/(»+')(m) = , 5 < M < c . 

It further follows from Art. 9 that, if the first n derivatives olf{x) vanish 
at a; = 5, then must the first n dififerells vanish at a; = 5. Conversely, by Art. 
11, if the first n differells vanish, or have equal values, at a; =: 5, then must the 
first n derivatives vanish ai x ^ h. 

Again, if the first n derivatives or dififerells vanish at a; = 5, we have by 

Arts. 9, 11, 

/(''+')(J) = (h — aYf"+\b) . 

As X converges to the base a, then /'■"Xx) converges to the value /"'(«)• 

16. Let f (x) and </> (x) be two functions which vanish together with their 
first n derivatives or dififerells, when x = h. Then 



£ 



y(a;)_ y"+'(^) _ y^''+'>(^) 



ECHOLS. ON THE CALCULUS OF FUNCTIONS DEBITED FBOM LIMITING-RATIOS. 63 

17. Let F{x) and F'i{x) be two functions which vanish, as well as their 
first n differells, for x ^ c. Then the function 

J{x) = F,{x,) F{x) - F,(x) F{x,) 

vanishes when x ^ x,^ and « == c, and also its first n differells and derivatives 
vanish for x = c. 

Then must J'-'\x) = 0, for x = Uy between x^ and c; and J^\x) = 0, 
for a; := Mj between w, and c ; and so on, until «/<"+'>(«) = for a; = w between 
a;„ and c. The same may be said of the first n -\- \ derivatives of J{x). 
Hence we have 

J'<"+i)(«) = F^{xa) F^"+'\u) — i^,<»+»(M) F(x„) = . 

If i''i<''+"(M) or F"+^{u') is not zero between «„ and c, we have, dropping 
the subscript zero, 

^(^) = ^.(^) Iv^g 

_ f^, . F''^\u') 

wherein u and u' are values of x which lie somewhere between x and c, and 
therefore between a and c. 

Now let 

i?;(«) = {X — «)"+' . 
Then 

^ ' (w + 1)"+' [»/ — «j ^ ^ 

for all values of x throughout the interval {ac). The interval (ac) being such 
that « < c, and w being confined to the interval {x < c/, the ratio 

(a; — «)/(w — a) < 1. 

18. We now proceed to form a series which may be regarded as the fun- 
damental series of this calculus, corresponding to the Taylor series of the 
Differential Calculus, and we shall derive it from the Generalized Difference 
Calculus in the same way that the Taylor series is derived from the ordinary 
Difference Calculus. 

Remembering that 

d\" = (1 - £,)" , £," = (1 - 5 )» ; 
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we have 

= (1 - d^Tfix,) 

= f{^g) - 0„,,8\f{X,) + C^,,^,f{Xg) -...+(- Ifdj^fiXy). 

Let the law of distribution be Xgj^rh ^ a;^ (1 — hy, and nh = k, so that 
when w := 00 , A = 0. Then a;j,+„A = iC^+t. 
Since, d^Xg ^ Xgh'', we have 

C ^r f(^ •._ ri{n—l)...{n-r-)rr) ,, ^i/M 

^n,rOhJ{Xg) Xgfl , 



"A-^jr 



n 



= xa (nhY 1 ^J — 



, {nh) 



1 — 



r + 1" 






when w. == 00 . Also, we have, 



"'j+nft — ■^9+» — '''9 ■'■ 



XgC 



when « = 00 . Therefore, if convergent, we have the series 

/(««-*) =/(«) + c 1 (- 1)- ^;/<->(c) , 

wherein we have written c for Xg. Changing the sign of k, this becomes 



/(c.*) = /(c) + ci'^/(')(c). 






Let a! = ce*, then ^ = log x — log c, and 

fix) =/(e) + . 1 (log^-logcy _^,>(^3 _ 



When the derivatives oif{x) exist, we can write the coefficients in terms 
of the derivatives at c, § 9, and have* 

fix) ^fic) + c 1 gog^-ioK^r J. jpo- . (^ -,^)Vp(.) . 

* Herschel's theorem. See also Dr. McClintock's Calcnlus of Enlargement. 
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Putting c ^ 1, this series furnishes the means of defining the functions 
f^^'ic), as the coefficients of (log a; )'/?•! in the expansion of f{x) according to 
the ascending powers of the logarithm of the variable, as the derivatives have 
been defined as the coefficients in Taylor's series. 

The remainder after n terms of this series is easily found, as follows: — 
We have 



and when ^ = 0, this becomes 

{ dr 

Let 



[:S1/(«^*)-=«'.+*/'"H+*), 



f{c) = cr-\c). 



F{k) =f(ce^) - f{c) -cl'L /«(c) . 



n Z.r 

1 r\ 

This function vanishes when ^ ^ 0. Moreover if its first n derivatives are 
finite, uniform and continuous, they all vanish when ^ = 0, in virtue of the 
relation exhibited above. 
The function 

^Qc) = *"+! F{k^ - >5;„"+i F{Jc) 

vanishes when k = k^, and the function and its n derivatives vanish when 
* = 0. Therefore, by § 17, 

Dropping the subscript, we have for the remainder of the series, 

''-{n + l)\[dk\^-^^''^' 

= — -^"^, w/<"+«(w) , 
(n + 1)! -^ ^ ' ' 

(n -\- 1)[ I r\ '^ ^ ' 

19. The fundamental general theorem for the expansion of functions in 
the Differell Calculus, is chis : The function 

F{x)= Af'^i^^'f^^^' ■■.:.' ^('"^LL 

I Jli^gl' Ji \^g)i • • • I y n+l(*(r) I 

= Mx)-- IA,.f,.{x), 
1 
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wherein the ^'s, coefficients oij^i^), are independent of a; but contain the dif- 
ferells of /(x) at Xg, vanishes as do its first n differells when x = Xg. Let 
F,{x) ^{x — Xgf+K Then by § 17, 



Or, putting c for Xg, 



^» = V/iiT ^"^'^^^- 



let 



n+l (^ /.^n+l r "+I 

fix) = I AJM) + 7, 'L /"+'('') - ^ A,f?^\u) 
1 (n -\- V)\ \^ 1 

20. We give an independent proof of this theorem as follows. For brevity, 
Consider the function 

/o(«). •••. /n+l(«) 



i^(a.") = 



which vanishes when x takes each of the n -\-\ values x^^^^ (r ^ 0, 1, 2, . . . , n). 
The value of this function is, by a theorem of the Differential Calculus (Annals 
Math., viii, 74), 

J^"+'(M) 



F(x) ={x— xg) {x — Xg+„) ... (as — a;y+„ft) 



{n+ 1)!' 



wherein u lies between the greatest and least of the values x and aj^+^ft (^ ^ !> 
. . . , ?i). 

Since we do not change the value of a determinant by subtracting rows 
from rows, we have 

/o(«), /l(«), •••, /n+l(«) 



Fix) = 



SO ^0 

^\ > • • • > "n+l 



"0 > "1 



) "n+l 



"1 > "2 ) 



We still do not change the value of this function when we divide the row of 
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rth generalized differences in the numerator and denominator of the ratio by 
d^Xg tor r ^ 1, . . . , n, which expresses the terms in these rows as generalized 
difference-ratios. Letting h converge to zero we pass at once to the result of 
the previous article. 

21. Forms of Rational Integer Power Series. Let fj^x) ^f{x) and 
f^{x) = (x — «)"■"', then we have. 



f{x) , 1 , {x — a), 



(X — af 



(x — a)" 



(c — a)' '"' (c — a)"-' 
f(c) ,l,c — a , c — a , . . . , c — a 
/<')(c) , , 1 , 2' , . . . , 



f"\c) , , 



2" , . . . , 



I 1, 2S . . . , n» I 
wherein u lies between x and c. We have therefore 



{X C)" /n+lCA 

- {71 + 1)! -^ ^''>' 



fix) =A, + 1 (- D- ^.|^ + 1 ~|r /-(-) , 



wherein 



A, = i' (^ ir+' ^iylf^'Xc) . 

i-=i A. 



J{r,p) is the determinant J = 1 1", 2^, . . . , w" | , with its pih. column and Hh 
row deleted. The remainder of the series vanishes when n = co . 
With the same notations as before, except now let 



we have 



(x — a) 



f(\— 1 (a; — c)*--' 

4^](x- c)" == 1 z/'-O" . (£ZI_^ \f- 
d"x 1 r ! U^a- 



(« — cy 



If .r =: c, then 



r ^1" 



1 J'O" . ^p,,, (« — af (x — c)"-'-. 



(x — c)" = J^O" . (c — a)"-' . 
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Moreover J*0" ^ for p ';> n and is p ! when n = p. Therefore 

/C ^ 1 i. ('^ — ^)' Jl (i" — cf A (a? — g)" 

JW . i . 1 ! (g _ ^)o . 2 ! (c — «)" ■ ■ ■ ' n\(c — a)" 

Ac) ,1, . 

/<«(«), , 1 . 

A'Kc), 0, 



/<»)(e), , ^ 



(c- 


af 


2 


(c — ay 





J 







1 









1! 






1 


1! 


J 




2! 



_ (a! — c)"+^ 
-(/i + l)! 



/<"+>)(«). 



,f 1 An ^ nn 

/<'«(c),0, ^ . ^ ,..., 1 

The coefficients of {x — c)'' are now in finite form. We are now prepared to 

give the general law promised in § 11, for the coeificient of {x — c)" in this 

series must equal the coefficient of the like power in Taylor's, therefore we 

have 

/<'>(c), 1,0,..., 



f''\c), ^ : 



(-l)'(c-a)'-W) 



' r\c), 



J' 0' if 0^ 
TV' ^IT' 








/"■\c), 



JlQr JZQr J'-'Q'' 

TT' "2T' ■■■' (r— 1)! 



If c = a,f'-''\c) z=f'(a), and the determinant vanishes as was stated in § 11. 
22. When f{x) is a Taylor's function, we have, base zero, 

^ 1 fix) =Ir» X'-' •£? = I J'O" . x--'£^ . 



d 



Put/(a;) = e", then 



e" I J'-O" , 



2" 



3" 



r\ 



1 + 21 "' + 3!''' + 
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or the series on the right is the product of e^ and a rational integral. If 

.•^J'-O" , , 2" , 3" , 

^f ^M- = l + 2T + 3! + 

By assigning values to n we get different infinite series for e. 

23. We have heretofore been using /"(a?) as a Taylor's series. If the func- 
tion cannot be expressed in Taylor's series, we must go back to the funda- 
mental limiting ratio to determine the differells. For example, when the base 
is zero, (log «)*" cannot be expressed by Maclaurin's series. Its nth differell, 
however, is readily found to be 



For 



^ (log xY 



m (7n — 1) . . . (m — n -\- V) 



(log xf 



(log^r==lU^ 
d 



1 

X 



d (log x) J 
In like manner when the base is a, we have 



(log xf 



] "(log xf 






[log («-«)]' 



= } — f _ ^ , 1 "[log (x — a)]" 

X — ayd\og{x — a)\ ^ ^^ '-^ 

_ m. ! [log (« — a)]™-" 



X 



a 



We can now easily deduce the series of § 18, by the general method of §§ 19, 
20. 

Again, letting /"(«) = log x, we have 

n //'•fl" 

Z (_ l)r-l ±^ 

1 ' r 

equal to unity for w ^ 1 and zero for w = 1, 2, 3, ... . 

IV. (5) Integrells or Negative Differells.* 

24. Heretofore we have considered only positive values of n in using dif- 
ferells, we propose now to notice those corresponding functions in which n is 
negative. We shall, for brevity, call such functions integrells. The integrell 
bearing to the differell a relation somewhat analogous to that of the integral 
to the derivative. 



* Bead before The American Mathematical Society at Springfield, Mass., Aug., 1895. 
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25. We might simply continue to define negative diiFerells by using the 
property that each differell is the mean value of the one of next higher order. 
Whence, descending by units, 



/*V)=,^//<%^)^«'> 



X — a 

Which is the fundamental function with which this calculus deals. Geomet- 
rically pictured it represents the inclination of the secant through the points 
[a, /"(a)], [«,y^(»)J to the a;-axis. This becomes the tangent to the curve 
y =f{x) at a; = a. Correspondingly 



X 



is the mean inclination of the secant for all points in the interval {ax). Gen- 
erally, we have 



/■'~"""(^) = ^^//'~"'('^) 



dx . 



Or, the integrell of any order is the mean value of the iutegrell of next lower 
order. Clearly, if c is a constant, 

ld-\x\ 
Itfix) = (a? — a)'", it follows directly that 



-, ^ (x — a)™ = i ^ — , 



If zero be the base we have the corresponding values as for differells. There- 
fore, so far as Taylor functions are concerned the differells derived are true for 
positive and negative integral indices. 

26. But, it is well to found the integrell as we did the differell, upon the 
limiting ratio. We have according to our original convention 

'J.-"-/(a'.) = (l-e.)-"./(a;„) 

= ^ Jin • f i^g+rh) > 
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wherein H^ = 1, and 

H:: = ^^n{n -^ I) . . . {n + r - I) . 

Since (1 — £ft)~" is expressed as an infinite series we must give this defi- 
nite meaning before proceeding further. What we are to be concerned with, 
is the limiting ratio 



r K'^fjx,) _ f (1- e^)l"/(a;.) 



A=0 



We have, when the distribution law is «p_rft = *a^ ''') 

diT'^x, = tK, [l + ne-" + ^n{n + 1)6-"^+ ...] 
L ^- J 

= x„ (1 - e-^)-", 
5,r«a! ™ = « ™ (1 — e-""^)-". 
And these are true whether n is integral or fractional. Consequently, we have 



L* «(,J ^ Oft «^ ^^ li. 



X — 
m" 



Br.t when we attempt to form the integrells of an absolute constant by 
this method, we are met by the difficulty that the result is infinity. For 
d^c = 0, and 

£"c = (1 — Sfc = c. 

^-"c = (1 — e)-" c = c (1 — 1)-" = 00 , 
while 

d-^'x = (1 — e-")-". 

Therefore we infer that the integrell operation applies only to functions which 
have no absolute term, that is to say to the difference of two values of a 
function. 

We have 

fix + a) -f{a) = xf'ia) + |J/"(«) + • • • , 
and 






,^ I if{^ + «) -/(«)] =/'(«) + 2r2^/"(«) + 3fp ^"'(«) + • • • • 
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Now if we put n ^ 0, we define the integrell of zero order to be 



[d-^xj 



Or, changing « + « into x, 



d-"^ 



2!- 



X — a 



3!- 



|z;^ J [/(^) -/(«)] =/'(«) + %!^/"(«) + • • 



d- 



d-^x 



/(.)-/(«)] ^ /q-/(-^) 



« — a 



which we agree to write f-^x), also the wth integrell of the above function we 
agree to write y'""\«). Integrating /^""'(ai) between a and x, we find 



X 



Therefore the integrell is the mean value, between x and a, of the integrell 
of next lower order, and each has distinct reference to an interval whose base 
is a. The integrell of a constant is thus ssero. The foundation of the integrells 
as here developed is the same as that of the preceding article. 

27. Applying the above results to the fuqction {x — a)'", base a, we have 

for the nth integrell 

(a; — g)"-' 



m" 



In like manner when c is not the base a, we have when/(a!) ^ (« — c)™, 
f{x) - /(a) = a„,, (« - c)'"-' (a; - «) + C„,, (« - cy-^ (a; - a)^ + . . . 

+ <7m,» (« - «)"*• 

Therefore 

^ (a; - «)"»-' 
In this put X ^ c, then 



I 



2»+i 



m" 



Now we have (Chrystal's Algebra ii, 183), 



"' pn 

x{x + !)...(« + '0 " 



C^. 



£( ^''\x + rY+^' 
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Let X = 1, n ^ m — l,p=^n, and we have 

1 ^m — 1,1 I I / 1 \m—l ^m— 1, m-1 __ j^ pm 

2"+' -!-••• "TV ^^ ^n+l —m'"'- 

wherein I*^ is the sum of the products of the numbers 

11 1 

1 ' 2 ' ■ ■ ■ ' m 

taken n at a time with repetition. Therefore 

f^"'\c) = (« — c)"*-' P" . 

28. Expansion of Functions : 
We have 

,-n = (1 _ 5,)-«, 

therefore 

/(.^.) =/K) + -. I (nA) I + ^\'l + ^ j f + • • • S . 
wherein «(,_,» = a!^ (1 — A)*'. Let >iA = k, and A converge to zero. Then 
/(«'.-*) =/(«'.) + ^0 \ ^/"H) + |/<''(^.) + ■■■] 

which is the same logarithmic expansion as was deduced in § 18. 

29. If J^{x) be a uniform, finite, and continuous function from a to c, and 
if the first n integrells of 2^{x) vanish at a; = c, then must the function J^(x) 
have « + 1 distinct equal values between a and c, including these limits. We 
have 

c 

F^-«^(c) = — — (>(-"+'>(«) dx=.0, 
- ' c — aJ 

a 

^<-"+'Yw,) = . «<?«,< c 

/-/ + /■ 



Consequently 
But since 

then must 



(a < t^2 < ^i)) (^1 < ''h < ^)- ^^ 1^^® manner must i^<~""''''(a!) = 0, between 
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Mj and «, Mj and u^, u^ and c, and also at c. Continuing thus we see that 
7?'(-»+r)^a.) must vanish for {r -)- 1) distinct values of x between a and c, includ- 
ing c. Therefore F''~\x) = 0, for n distinct values of x between a and e, 
including c. But 



X — a J X — a 



It follows that J^ix) = J^(a) for these n values of x. Consequently JP'ix) has 
w -f- 1 distinct equal values between a and c, inclusive. 

30. If -F{x) be a Taylor's function in the interval (a, c), it has been shown 
in the Differential Calculus (Aunals Math., viii, 74), that when it has n -\- 1 
equal values in the interval, we have. 



F{x) — F{c) = (a? — c) (a; — Ml) ... (a; — w„_i) {x — a) 



F"+\u) 
(w + 1)!' 



wherein u lies between the greatest and least of a, c, Uy, . . . , m„_i, or in the 
interval (ac). We may write this result 



Fix) - F{c) = ^'.+' |^Zl^i?'n+.(,,) 



wherein < ^ < 1. 
31. Theorem. 



I'{x) = 



f{c) , /(C) , . . . , /„+.(c) 
f-'Kc),fr\c), . . . , /,<+l'(c) 

f'-"\c), ff'Xc), ..., f^Kc) 



[minor of /"(a?)] 



is such that its first n integrells and the function vanish at a; = c. Therefore 
the function vanishes n -{- 1 times between a and c, inclusive, and by § 29, we 
have 

F{x) = d«+' (f ~ ?'"^' F"+\u) . 
^ (w -f 1) ! 

Moreover, since the function also vanishes at a; ^ a, we can replace c by a in 
the second row of the numerator. 



ECHOLS. ON THE CALCULUS OF FUNCTIONS DEKIVED FROM LIMITING-EATIOS. 75 

32. Let/,.+i(«) = (x — ay, then F''+\u) =f"+\u), and 
/(■^)-/(«) 1 



X — a 



X — a 
c — a 



X — a 



c — a 



f-\c) 



, 1, 



f^--\c) 



, 1, 



i», 2-^ 



-'^ (w + 1!) J ^''>- 



, n-' I (n + 1 !) 

Again, let/,.+i(a;) = (x — cf, then as before i^"+'(M) =/»+'(m) and 



a? — e a — c 

f-\c) , 1 , P/ 



a; — c 
a — c 

jpn 



/(-")(«) 



1 P" 



Jin 



1 Z>2 p» 

■^j -^ 2 > • • * » -*■ n 



__ gm+l (^ ^y" 



(« + l)! 



/»+■(«). 



These series cannot be written in practicable form until the ratio J{r,p)/ J can 
be evaluated when w = oo , as was the case in § 21. 

V. Generalized Difference Eatios. 

33. In forming the so-called generalized diflferences of a function, we 
departed from the ordinary method by changing the distribution of the argu- 
ment, but retained the method of operation of differencing by forming the 
successive differences in the ordinary manner. We might have, more generally 
still, defined the wth generalized difference of a function at Xg to have been 



^"/(a'a) = 



/(«a+/.) . i.i'i', ■■■,Fr' 



J {^B+nh)j ^ J Pn t • • • ) Pn 



-^\Px,P2, •■-, Pi 



wherein the J9's are numbers l^p^ = 0), the law of whose formation is arbitrary. 
The corresponding difference of the argument is obtained by deleting the /. 
These differences evidently vanish when A ^ 0. 
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We have by expansion 



■wherein Af, = 1, and 

^ ^ (Pn—Po) ■■■{Pl —Po) 

"■ iPn—Pr)--- (Pr+l — Pr) (Pr — Pr-l) ■ ■ ■ {Pr — Po) ' 

with a corresponditg value for Sjl^Xg. We are concerned with the limiting 
ratio 






/l=0 



If the law of the ^'s is p^ = ^j w® have the results of § 2. 

34. Let the law of the ^'s be not p,. = r, and let the law of distribution 
be 

Xg+rh ^ Xg -{- rn, . 
Then evidently 

i {- ly A,f{Xg + rh) 



) 
Ii-lYrA^f'{Xg+,,) 



^^^0 IZ, h I (— l)*- Ar 



£ 



And generally 



A=o 2' {— ly rAr 



ft=0 

whatever be the value of the finite positive integer n. 

If the law of the p's is not p^ ^ (p {r), the same results hold when 

Xg+rh=^ Xg + h (p{r), 

as for example f{r) = \/r. 

35. If the law is i»j,+rA = «»«"'*, we have the Calculus of Multiplication, as 
is easily verified by 

£^^ = TO"*'"-' . 



